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Abstract. We calculate the nonlinear free-carrier absorption coefficient of an intense terahertz
(THz) electromagnetic wave propagating in a bulk semiconductor and the absorption percentage
when an intense THz radiation passes through a quasi-two-dimensional (2D) sheet, with the help
of the balance-equation approach to hot-electron transport in semiconductors subject to an intense
high-frequency field. We find that at frequency around 1 THz, the absorption coefficient in a bulk
GaAs system increases with increasing amplitude of the radiation field from zero and reaches a
maximum at around 8 kV cm−1 before decreasing quickly with further increase of the field strength.
The absorption percentage of a quasi-2D system exhibits an even stronger nonlinearity than that of
a three-dimensional bulk. It is shown that high-order multiphoton processes play a major role in
determining the absorption of an intense THz field.

1. Introduction

Absorption of electromagnetic radiation by semiconductors through intraband transition of
carriers, i.e. the so-called free-carrier absorption, as one of the two distinctive absorption
processes in semiconductors, has been extensively studied experimentally and theoretically in
the past [1, 2]. So far, however, almost all classical and quantum mechanical treatments on
this problem were based on the perturbation expansion of the interaction between electrons
and photons, mostly with only the single-photon process included, and thus limited to the case
of weak radiation fields.

The development of the free-electron laser technique provides a tunable source of linearly
polarized far-infrared or terahertz (THz) electromagnetic radiation of high intensity, and
has prompted extensive experimental studies on the nonlinear dynamics of semiconductors
irradiated by intense THz electromagnetic fields. People are frequently dealing with the
propagation of intense THz electromagnetic waves in semiconductors. There is thus an urgent
need for a clear understanding of how the propagation and absorption of a high-intensity THz
electromagnetic wave differs from those for low intensity.

When an intense electromagnetic wave of THz frequency propagates in a semiconductor,
the perturbative treatment of electron–photon interaction will no longer be valid and the carrier
intraband transitions may occur through multiphoton process. The absorption rate may differ
significantly from that in the case of a weak electromagnetic wave, and vary with changing
intensity of the THz field.
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Recently, nonperturbative approaches have been proposed to deal with interaction between
intense THz radiations and carriers in three- and two-dimensional semiconductors [3, 4].
These approaches provide convenient tools for investigating the nonlinear behaviour of the
absorption due to the large amplitude of the field and resulting from multiphoton emission and
absorption channels. In this paper we report a systematic study on the free-carrier absorption
of intense electromagnetic radiations of terahertz frequency in three-dimensional (3D) and
quasi-two-dimensional (2D) semiconductors, with the help of the balance-equation approach
[4] to hot-electron transport in semiconductors subject to an intense terahertz field.

2. Balance-equation treatment of interaction between THz radiation and
semiconductors

We consider a carrier system consisting of ne electrons with effective mass m and charge e,
moving in an isotropic semiconductor of unit volume, and assume that a dc electric field E0

and a uniform sinusoidal radiation field of frequency ω and amplitude Eω, Eω sin(ωt), are
applied in the system. These electric fields, which are in arbitrary directions and of arbitrary
strengths, can be described by a vector potential A(t) and a scalar potential ϕ(r) of the form

A(t) = (Eω/ω) cos(ωt) (1)

ϕ(r) = −r · E0. (2)

With these potentials, we can separate the centre-of-mass motion from the relative motion of
electrons [5] and distinguish the slowly varying part from the rapidly oscillating part of the
centre-of-mass velocity when the frequency of the radiation field is in, or above, the THz range.
Considering the fact that relevant transport quantities are measured over a time interval much
longer than the period of the THz field, we obtain a set of momentum and energy balance
equations, without invoking a perturbational treatment of the electron–photon interaction [4].
These equations, which include the elastic (zero-) photon process and all orders of multiphoton
emission and absorption processes, state the momentum and energy balances on a timescale
much longer than the period of the THz field after the system has reached the steady transport
state:

neeE0 + f = 0 (3)

sp − v0 · f − w = 0. (4)

Here, v0 is the average drift velocity of electrons, f is the average frictional force experienced
by the centre of mass due to impurity and phonon scatterings in the presence of the THz
radiation field, w is the average rate of energy transfer from the electron system to the phonon
system, and sp is the average rate of energy gain of the electron system from the radiation field
associated with carrier intraband transition through impurity- and phonon-assisted, single- and
multiphoton (absorption and emission) processes. The last quantity is given by [4]

sp = ni

∑
q

|u(q)|2
∞∑

n=−∞
J 2
n (q · rω)nω�2(q, q · v0 − nω)

+ 2
∑
q,λ

|M(q, λ)|2
∞∑

n=−∞
J 2
n (q · rω)nω

× �2(q, �qλ + q · v0 − nω)

[
n

(
�qλ

T

)
− n

(
�qλ + q · v0 − nω

Te

)]
. (5)

The expression for f is obtained from the right-hand side of equation (5) by replacing the
nω factor with wavevector q in both terms, and the expression for w is obtained from the
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second term on the right-hand side of equation (5) by replacing the nω factor with �qλ. Here,
rω ≡ eEω/(mω2), Jn(x) is the Bessel function of order n, ni is the impurity density, u(q) is
the electron–impurity potential and M(q, λ) is the electron–phonon matrix element, �qλ is the
energy of a phonon having wavevector q in branch λ,

n(x) ≡ 1/[exp(x) − 1]

is the Bose function, and �2(q, �) is the imaginary part of the electron density–density
correlation function in an equilibrium state at the electron temperature Te, which is generally
different from the lattice temperature T .

It should be noted that in writing sp, f , andw in a form like equation (5), we have somewhat
mixed the contributions from absorption and emission processes of photons to get a compact
expression. Thus, in equation (5), the part with negative (positive) values of the summation
index n does not imply a pure emission (absorption) process. The combination of both n- and
−n-terms, of course, represents the total (net) contribution to sp from the n-photon (n � 1)
emission and absorption processes. We therefore write sp as a sum of all orders of n-photon
contributions:

sp =
∞∑
n=1

s(n)p (6)

where s
(n)
p is the total contribution from terms having indices n and −n in equation (5).

3. Nonlinear absorption coefficient of a THz radiation in a bulk semiconductor

The quantity sp defined in equation (5) represents the average energy of the radiation field
which is absorbed in unit time by the carriers in the system of unit volume. We consider,
in the semiconductor, a small cylindrical element having its axis parallel to the propagating
direction of the radiation field and volume �τ = �S �z (�S and �z are respectively the area
of the upper/lower surface and the height of the cylinder). The average rate of electromagnetic
radiation energy flow into the small volume is 1

2vκε0E
2
ω �S, in which v = c/

√
κ is the

propagating velocity of the electromagnetic wave in the semiconductor, c is the speed of
light in vacuum, and κ is the dielectric constant of the material. The energy of the radiation
field, which is absorbed in unit time by the carriers inside the small volume, sp �S �z, is just
the energy loss of the electromagnetic wave after propagating a distance �z. Therefore, the
absorption coefficient is given by

α = 2√
κε0c

sp

E2
ω

. (7)

In the limit of weak high-frequency field (small Eω), the argument q · rω of the Bessel
functions on the right-hand side of the sp-expression (5) is small. It suffices, for the calculation
of sp, to retain the single-photon process (n = 1 and −1) and keep just the leading terms of
the expansion of the Bessel function: J 2

±1 ≈ 1
4 (q · rω)

2. We have

α = 1√
κε0c

nee
2

mω2
M2(ω, v0) (8)

where M2(ω, v0) is the imaginary part of the memory function M(ω, v0) under a dc bias
velocity v0, which consists of contributions from impurity and phonon scatterings:

M2(ω, v0) = M
(i)
2 (ω, v0) + M

(p)
2 (ω, v0) (9)
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with the impurity part M(i)
2 (ω, v0) and phonon part M(p)

2 (ω, v0) given respectively by

M
(i)
2 (ω, v0) = ni

nemω

∑
q

|u(q)|2q2
ω�2(q, q · v0 − ω) (10)

M
(p)
2 (ω, v0) = 1

nemω

∑
q,λ

|M(q, λ)|2q2
ω

{
�2(q, �qλ + q · v0 − ω)

× [
n(�qλ/T ) − n((�qλ + q · v0 − ω)/Te)

] − (ω → −ω)
}

(11)

where qω stands for the component of q along the Eω-direction. M(i)
2 (ω, v0) and M

(p)
2 (ω, v0)

depend on the scattering matrix element, the frequency of the radiation field, the magnitude of
v0, and the relative direction of v0 and Eω.

Expression (8) for the absorption coefficient of a weak radiation field is in agreement with
the previous perturbation theory result for the free-carrier absorption, which is equivalent to
the high-frequency (ωτ � 1) result for the extended Drude-type formula for the dynamic
conductivity under a dc bias [6–8]:

σ(ω) = nee
2

m

i

ω + M(ω, v0)
= inee

2

m∗(ω + i/τ)
(12)

where m∗ = m[1 + M1(ω, v0)/ω] and 1/τ = M2(ω, v0)/[1 + M1(ω, v0)/ω], with M1(ω, v0)

being the real part of the memory function M(ω, v0).
In the case of an intense high-frequency field, the absorption coefficient given by equ-

ation (7) depends on the amplitude of the high-frequency field. To calculate this nonlinear
absorption coefficient, one needs to solve the steady-state momentum and energy balance
equations (3) and (4) before obtaining v0, Te, and the pertinent energy absorption rate sp for
using in the general expression (7). In the absence of a dc bias field, however, it suffices to
solve the energy balance equation

w − sp = 0 (13)

to obtain the electron temperature Te and the pertinent sp, for using in calculating the absorption
coefficient α.

As an example, we have performed numerical calculations at lattice temperature T =
150 K for a model n-type GaAs system having electrons of density ne = 1023 m−3 moving
in a parabolic " valley. Elastic scattering is assumed due to randomly distributed charged
impurities with density ni equal to the electron density (this results in a 4.2 K linear mobility
µ0 = 8 m2 V−1 s−1). The nonelastic scatterings are due to polar optic phonons (via
Fröhlich coupling with electrons), longitudinal acoustic phonons (via deformation potential
and piezoelectric coupling), and transverse acoustic phonons (via piezoelectric coupling with
electrons). The material and electron–phonon coupling parameters are taken as typical values
for GaAs. For the absence of a dc bias, the calculated electron temperature Te and nonlinear
absorption coefficient α are plotted respectively in figure 1(a) and figure 1(b) as functions of the
wavelength λ (or frequency ω/2π ) of the radiation field, for vanishingly small Eω (linear case)
and several finite strengths Eω = 0, 5, 7, 10, 12, and 14 kV cm−1. The electron temperature
Te monotonically increases with increasing Eω and/or increasing λ. The absorption coefficient
α for these intense fields, on the other hand, can be higher or lower than the linear absorption
coefficient (as shown in figure 1(b) by the chain line). Its wavelength dependence deviates
markedly from that in the linear case. At fixed frequency, the absorption coefficient increases
with increasing amplitude of the radiation field from Eω = 0, then reaches a maximum at
around 7–14 kV cm−1 before decreasing quickly with further increase of Eω, as shown in the
inset of figure 1(b).
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Figure 1. The electron temperature Te and the absorption coefficient α of bulk GaAs subject
to a THz radiation in the absence of a dc bias are plotted as functions of the wavelength λ (or
frequency ω/2π ) of the radiation field for vanishing (chain line) and several finite amplitudes
Eω = 5, 7, 10, 12, and 14 kV cm−1 (solid lines). The lattice temperature is T = 150 K. The insets
show Te versus Eω (in figure 1(a)) and α versus Eω (in figure 1(b)) at several fixed frequencies.
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To see the role of individual multiphoton processes, we define

αn ≡ 2√
κε0c

s
(n)
p

E2
ω

(14)

to be the contribution of the n-photon (absorption and emission) process to the absorption
coefficient: α = ∑∞

n=1 αn. For a set amplitude, Eω = 10 kV cm−1, the n-photon contributions
αn (n = 1, 2, 3, 5, and 10) are plotted in figure 2 as functions of the wavelength λ (or frequency
ω/2π ) of the radiation field, together with the total absorption coefficient α (α4, α6, . . . are
not shown in the figure for clarity). For a set frequency, ω/2π = 1.2 THz, the n-photon
contributions αn (n = 1, 2, 3, 5, and 10) and the total absorption coefficient α are shown in
figure 3 as functions of the amplitude Eω of the radiation field.
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Figure 2. Then-photon contributionsαn (n = 1, 2, 3, 5, and 10) and the total absorption coefficient
α versus the wavelength of the radiation field λ at a fixed amplitude Eω = 10 kV cm−1, for the 3D
system shown in figure 1.

It is seen from figure 2 that, although the single-photon process dominates for Eω �
1 kV cm−1, its contribution decreases quickly with increasing Eω, and multiphoton (n � 2)
processes play a more important role when Eω � 2 kV cm−1. At intense radiation fields,
i.e. Eω ∼ 10 kV cm−1, high orders of multiphoton processes play a decisive role; even the
n-photon channels with n as large as 300 cannot be neglected if one is to get an accurate result.

4. Rate of absorption of a THz radiation passing through a 2D sheet

For a quasi-2D system with the single-electron state described by a 2D (in the x–y plane)
wavevector k‖ = (kx, ky) and a subband index s, the energy dispersion reads

εs(k‖) = εs + k2
‖/2m. (15)
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Figure 3. Then-photon contributionsαn (n = 1, 2, 3, 5, and 10) and the total absorption coefficient
α versus the amplitude Eω of radiation field at a set frequency, ω/2π = 1.2 THz, for the 3D system
shown in figure 1.

Here, εs denotes the bottom of the sth subband. Under the influence of a dc and a high-
frequency radiation field (parallel to the 2D plane), the steady-state balance equations for a 2D
system having unit area can be written as [4]

NseE0 + F = 0 (16)

Sp − v0 · F − W = 0. (17)

Here, Ns is the sheet density of electrons, v0 is the average drift velocity, F is the average
frictional force, W is the average rate of energy transfer to the phonon system, and Sp is the
average rate of energy gain from the radiation field, for the quasi-2D system having unit area.
The expression for Sp is [4]

Sp =
∑
s,s ′,q‖

|Us,s ′(q‖)|2
∞∑

n=−∞
J 2
n (q‖ · rω)nω�2(s, s

′, q‖, q‖ · v0 − nω)

+ 2
∑

s,s ′,q,λ

|Ms,s ′(q, λ)|2
∞∑

n=−∞
J 2
n (q‖ · rω)nω

× �2(s, s
′, q‖, �qλ + q‖ · v0 − nω)

[
n

(
�qλ

T

)
− n

(
�qλ + q‖ · v0 − nω

Te

)]
.

(18)

The expression for F is obtained from the right-hand side of equation (18) by replacing the
nω factor with q‖ in both terms, and the expression for W is obtained from the second term
of the right-hand side of equation (18) by replacing the nω factor with �qλ (assuming the
phonon modes are the same as for 3D GaAs). Here, q = (q‖, qz) is the 3D wavevector,
Us,s ′(q‖) is an effective impurity potential, Ms,s ′(q, λ) is the electron–phonon matrix element,
and �2(s, s

′, q‖, �) is the imaginary part of the electron-density correlation function, related
to subbands s and s ′. Their explicit expressions were given in reference [9].
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For quasi-2D systems, we can use the ratio of the energy loss of the electromagnetic
radiation after passing through the 2D sheet to the energy of the electromagnetic wave
impinging into the system as a measure of the absorption of the radiation. We call it the
absorption percentage and also denote it by α. In the case of perpendicular incidence (Eω

parallel to the 2D plane), the absorption percentage is given by

α = 2√
κε0c

Sp

E2
ω

. (19)

The small-Eω limit of the 2D absorption percentage can also be expressed in terms of 2D
memory functions [10] similar to those for the 3D results (equations (8) to (12)). For the case of
a finite amplitude of the radiation field, we have carried out numerical calculations for a GaAs-
based quantum well having well width a = 12.5 nm and electron densityNs = 5.5×1015 m−2.
We consider polar optical phonon and longitudinal and transverse acoustic phonon scatterings
as in the 3D case. The elastic scattering is assumed to be due to charged impurities located
at a distance of 40 nm from the centre plane of the well, with an impurity density such that
the low-temperature (4.2 K) linear mobility of the system equals µ0 = 31 m2 V−1 s−1. We
consider the role of the lowest two subbands (s = 0, 1). The energy separation between the
zeroth and the first subband bottoms, ε10 ≡ ε1 − ε0, is taken to be 69 meV.

The calculated absorption percentage α at lattice temperature T = 150 K, in the absence
of a dc bias, is shown in figure 4 as a function of wavelength λ or frequency ω/2π of the
radiation field for several different field strengths, Eω = 5, 7, 10, 12, and 14 kV cm−1, as well
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Figure 4. The absorption percentage α of a THz radiation passing through the 2D sheet of a GaAs-
based quantum well described in the text, in the absence of dc bias, is plotted as a function of the
wavelength λ (or frequency ω/2π ) of the radiation field for vanishing (chain line) and several finite
amplitudesEω = 5, 7, 10, 12, and 14 kV cm−1 (solid lines). The lattice temperature is T = 150 K.
The inset shows α versus Eω at several fixed frequencies.
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as for vanishingEω (chain line). The absorption percentage of the GaAs quantum well exhibits
a stronger nonlinearity than that for bulk GaAs. The maxima showing up in the α-versus-Eω

curves, for fixed frequencies, are higher than in the 3D case (see the inset of figure 4).
The n-photon contributions to the absorption percentage, αn (n = 1, 2, 3, 5, and 10), are

plotted in figure 5 as functions of λ (or ω/2π ) for fixed Eω = 10 kV cm−1, and in figure 6
as functions of Eω for fixed frequency ω/2π = 1.2 THz, together with the total absorption
percentage α. The role of the nth multiphoton process in quasi-2D systems is similar to that
in 3D systems. The single-photon process dominates only when Eω � 1 kV cm−1. At higher
strength of the radiation field, multiphoton (n � 2) channels provide major contributions to
the absorption.
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Figure 5. Then-photon contributionsαn (n = 1, 2, 3, 5, and 10) and the total absorption percentage
α are plotted against the wavelength λ of the radiation field at a fixed amplitude Eω = 10 kV cm−1,
for the quantum well system described in the text.

5. Conclusions

The free-carrier absorption coefficient of a THz electromagnetic wave propagating in a bulk
semiconductor and the absorption percentage when a THz radiation passes through a quasi-
two-dimensional (2D) sheet have been calculated, using the balance-equation approach to
hot-electron transport in semiconductors subject to an intense high-frequency field. The
absorption of THz radiation in semiconductors exhibits significantly nonlinear behaviour
when the strength of the radiation field gets as high as, or higher than, a few kV cm−1. The
absorption nonlinearity is stronger at lower frequency than at higher frequency. At frequency
around 1 THz, the absorption coefficient of a bulk GaAs system increases with increasing
amplitude of the radiation field from zero and reaches a maximum at around 8 kV cm−1 before
decreasing quickly with further increase of the field strength. The absorption percentage of a
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Figure 6. Then-photon contributionsαn (n = 1, 2, 3, 5, and 10) and the total absorption percentage
α are plotted against the amplitude Eω of the radiation field at a set frequency, ω/2π = 1.2 THz,
for the quantum well system described in the text.

quasi-2D system exhibits an even stronger nonlinearity than that of a 3D bulk. The high-order
multiphoton channels provide major contributions to the nonlinear absorption of an intense
THz field.
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